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Abstract-On the basis of von K&rrnan integral relation a process of film condensation of moving vapour 
inside a vertical cylinder is considered. Relations are obtained for determination of interphase friction 
and pressure gradient in a condensation process in a tube. Heat transfer process is analysed for the cases of 
laminar and turbulent condensate film with regard for both the dynamic effect of a vapour flow and the 
effect of gravity forces and pressure gradient. The results of the analysis are compared with the available 

experimental data. 

NOMENCLATURE 

longitudinal coordinate ; 
transverse coordinate; 
vapour velocity at the cylinder 
entrance ; 
vapour velocity outside the boun- 
dary layer ; 
local velocity ; 
average velocities of liquid and 
vapour in the cross-section x, res- 
pectively : 
diameter and length of the cylinder, 
respectively ; 
length of starting section ; 
tangential stress at the phase inter- 
face ; 
tangential stress at the surface of a 
cylinder ; 
temperature ; 
difference between the vapour 
saturation temperature and tem- 
perature of cooling surface ; 
static vapour pressure ; 
pressure drop in a cylinder; 
specific heat flux ; 
local heat transfer coefficient ; 
mass of flow rate vapour in the x 
cross-section ; 
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local thickness of condensate film ; 
friction resistance coefficient in the 
cross-section x ; 
thermal conductivity, thermal dif- 
fusivity and dynamic viscosity of 
liquid ; 
kinematic viscosity of liquid and 
vapour, respectively ; 
densities of liquid and vapour, res- 
pectively ; 
acceleration of gravity ; 
boundary layer thickness ; 
momentum loss thickness ; 
displacement thickness ; 
velocity of uniform suction ; 
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AN ANALYSJS of a film condensation process of 
moving vapour inside a cylinder for a case of 
axisymmetric and separated flow of vapour and 
condensate has been an object of a number of 
theoretical studies [l-3]. In these works tan- 
gential stresses at the phase interface are deter- 
mined from the well-known relations of friction 
between a single-phase turbulent flow and a dry 
surface of an impenetrable cylindrical channel. 
In [4] the process is analyzed on the basis of the 
analogy between hydraulic friction resistance 
and heat transfer. In this work the case of 
axisymmetric friction is also considered and 
vapour-liquid mixture was assumed to move 
in a core of a two-phase flow in a tube, liquid 
droplet exchange occurring continuously be- 
tween this mixture and the turbulent condensate 
film. The analysis of laminar film condensation 
in a vapour flow on a plate based on considera- 
tion of a boundary layer vapour flow using 
momentum equation [S, 61 has revealed essential 
dependence of interphase friction on phase con- 
version rate. Existence of this dependence 
follows also from the results of numerical 
solutions of two-phase laminar boundary layer 
equations for various cases of condensation on 
a plate obtained in [7-91. The results of the above 
works indicate the necessity of the effect of the 
phase conversion on condensation hydrodyn- 
amics of moving vapour to be taken into con- 
sideration in analysing a condensation process 
inside a cylinder which is not a boundary layer 
problem in a general case. This necessity is quite 

evident that the essential effect of phase conver- 
sion on hydrodynamics of the process considered 
was originally found experimentally in the case 
of condensation in a tube in the well-known 
measurements of the velocity field in a flow of 
condensating vapour carried out by Jakob and 
collaborators [lo]. 

The results of the theoretical investigation of 
a high-rate vapour film condensation inside a 
vertical cylinder are given below. A two-region 
model of a flow inside a cylinder (a thin liquid 
film on a wall and a flow of pure saturated 
vapour in the remaining part of the effective 
cross section) has been adopted for the analysis. 
In the analysis of the vapour flow the thickness 
of a condensate film compared to the cylinder 
radius and the interface velocity compared to 
the velocities in the flow core are neglected. A 
constant of the vapour density along the channel 

x 

FIG. I. 

length is also assumed. All solutions are obtained 
for the case of the constant specific heat flux 
along the cylinder (4 = const). The model 
adopted and coordinate system are shown in 
Fig. 1. 
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1. RELATIONSHIP FOR GREASE FRICTION 
AND CALCULATION OF A PRESSURE GRADIENT 

Methods of the boundary layer theory are 
generally not applicable for the analysis of a 
flow inside a cylinder. However, the solution, 
given by Schiller [ 111 has demonstrated that the 
ideas underlying the integral Karman relation 
can successfully be used in the analysis of a flow 
in the initial cylinder length Assuming that the 
impulse, pressure drop and friction forces are 
balanced, Schiller presented the velocity distri- 
bution as a straight line for the flow velocity 
in the core and as sections of two parabolic 
lines for the velocity at the wall. The com- 
parison of the obtained solution with the mea- 
sured velocity fields in a tube by Nikuradze has 
shown good agreements for the first third of the 
starting length [ll]. This result allows a con- 
clusion, that calculation of the flow inside a tube 
using balance moments relations is valid for 
the case when a boundary layer developing at 
the wall still occupies a small part of the total 
channel cross-section. In the case of vapour flow 
condensation the condensation process, equiva- 
lent practically to the suction of a vapour 
boundary layer, constitutes a sharp limitation to 
the development of the latter along the channel 
length. Moreover, suction of a boundary layer 
is known to prevent also from transition to a 
turbulent flow. If we take into consideration the 
said peculiarities of a condensation flow, it may 
be assumed that with adequate rate of the con- 
densation process, the boundary layer of a 
vapour flow would occupy a small portion of the 
effective cross-section and velocity distribution 
along the whole tube length would remain the 
same as that at the entrance section of the duct. 
In this case the flow in a cylinder may be des- 
cribed with good approximation using balance 
momentum relations. 

The momentum equation for incompressible 
boundary layer with suction is written in the 
following form 

u2 $ + (29+ 6*) u g - V,U = 5. (1) 

Since in case of condensation V, = - ~/~p”, 
the case under investigation corresponds to the 
boundary layer flow with uniform suction. If we 
take into consideration that with asymptotic 
velocity distribution S,9 and 6* are independent 
of the flow velocity outside the boundary layer 
and the longitudinal coordinate x [ll], it may 
be assumed that after the starting section of a 
certain length the boundary layer is stabilized. 
In this case equation (I) becomes of the form 

U g (29-t a*) - V&J = s* (2) 

With further assumption that the velocity in 
the core u changes along the cylinder length as 
the average velocity UC, we obtain for dU/dx: 

Substitution of equation (3) into (2) gives 

IJs 
;?;- - - V,U 1 - “““;“*)J 

[ 
(4) 

If we take into consideration that the velocity 
in the core U is somewhat greater than the 
average velocity ui and 1 - 4(29 + 6*)/D is 
somewhat less than unity, we may write 

U 

[ 

1 _ 4(29 + s*) 
D 1 z rr:,. (5) 

Correspondingly equation (4) takes the form : 

It should be noted that with very high con- 
densation rates i.e. when U + L$’ and 
1 - 4(28 + 6*)/D is practically equal to unity 
equation (6) becomes in the limit a rigorous 
solution of momentum equation. 

Let us determine the domain of validity of the 
friction interphase law. 

As it was indicated above, the momentum 
equation with good accuracy describes the flow 
of the first third of the starting section of a 
circular tube. Taking into consideration that at 
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the end of this part of the starting section, in a 
laminar flow in the impenetrable cylinder the 
boundary layer thickness achieves 30 per cent 
of the tube radius, we may write the following 
condition for validity of the present analysis 

6 

ii 
< 015. 

In a flow with uniform suction asymptotic 
thickness of the boundary layer is defined by 
the following relation : 

Accordingly, condition (7) attains the form 

4.6~” 

- V,D 
< 0.15. (8) 

Having rewritten equation (8) in terms of 
parameters of the condensation process, we 
obtain the following final form of the condition 
of validity of the present approximate solution 

,,,,p” < 0.033. 
qD 

(9) 

It should be noted, that in the case of steam 
condensation in a tube, 20mm id., the condition 
(9) is satisfied under pressure latm with heat 
fluxes greater than 40 000 W/m’, under pressure 
0.035 atm with q > 35000 W/m2, and under 
pressure 200 atm with q > 25000 W/m’. The 
above examples show that the adopted law of 
interphase friction includes the overwhelming 
majority of the cases of interest for engineering. 
It should be also noted that the maximum error 
of approximate equality (5) which holds when 
6/D = @15, is 7 per cent. Taking into account 
that as follows from the analysis below, the heat 
transfer coefficient is proportional to a square 
root of the vapour flow velocity, it may be 
concluded that for processes satisfying inequality 
(9), the error in CC, determined by approximate 
formula (5) is negligibly small. 

Thus, the asymptotic velocity profile in the 
processes under consideration becomes de- 
veloped in the worst case approximately to the 
end of the first third of the tube. 

For practical calculations the above length of 
the starting section may considerably be reduced 
without essential errors in ~1,. Particularly, if the 
interphase friction law (6) is extended to that 
tube section where the tangential stress is exact 
20% higher than that calculated by equation (6) 
then the error in a, at this point is 10 per cent 
(since the relation TV, N ,/(r,) holds). From the 
data of [ll] the length of the starting section 
corresponding to such approximation, is deter- 
mined by the equality 

@)J($$ =o.* 

which leads to the following relation 

The asymptotic velocity distribution which L rp”v” 

serves as the basis for derivation of equation (6) 
____ = 2.56 - 
L - Lo qD . 

is obtained, achieved after the so-called starting 
section, whose length is found from the following 
condition : 

(:$) J(9) = 2. (10) 

Taking into account that under conditions of 
complete condensation inside a tube the core 
velocity in the section x = Lo is determined 
from the relation 

u = ML - Lo) 
Drp” 

we obtain 

L rp”v” 
p= 16-. 
L - Lo qD 

(11) 

Accordingly, the maximum fraction of the 
starting section in the total length of the con- 
densation channel for cases, satisfying condition 
(9) is 

Lo 0 L 
= 035. 

max 
(12) 

(13) 

for Lo : 

(14) 
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The maximum length of the starting section in 
this approximation with v”rp”jqD = Q033 is 
only 8 per cent of the total length of the con- 
densation tube. With higher heat fluxes the 
length of this section will in general be inessential. 

Having obtained the interphase friction law, 
it is possible to determine the pressure gradient 
along the cylinder length. Pressure change in a 
cylinder in the case under condensation is 
controlled by two factors: on the one hand, the 
friction at the cylinder surface results in the 
pressure drop, on the other hand, the decrease 
of vapour flow rate along the duct length due to 
condensation results in deceleration of the 
vapour flow and, correspondingly, increase of 
the static vapour pressure. 

Change of the kinetic energy of the vapour 
consumption per second between sections x and 
x + dx is 

3n;2.q.dx.rcD 
=- 

2r (15) 

if the terms of higher order of smallness are 
neglected. 

The above decrease of the kinetic energy of a 
vapour flow must be compensated by increase 
in the potential pressure energy of the vapour 
consumption per second. The part of the total 
pressure gradient corresponding to this increase 
of the potential energy will be determined in the 
form 

3nDuz2. q- dx 
= 2r.$rD2. &‘,dx 

= F_ (16) 

Further, taking into account that z, and T, 
may be assumed as a fair approximation, we 
finally arrive to the expression for the total 
pressure gradient in a cylinder. 

(17) 

As follows from equation (17) pressure along 
the duct length should always increase at suffici- 

ently high rates of condensation. It should be 
noted that such a behaviour of pressure in a 
condensation vapour flow was found in experi- 
ments with thermal pipes [12]. 

Integrating equation (17) from x1 to x2, we 
obtain the expression for pressure drop between 
two cylinder cross-sections : 

Expression (18) is valid for cases when the 
pressure drop is smaller than the absolute 
pressure P (in view of the assumption p” = const). 
To use this expression at high pressure drops, 
it is necessary to carry out successive calculation 
over several individual sections (at each section 
appropriate constant pressure p” is assumed) 
and to sum the results obtained. For conclusion 
it should be noted that expressions (6) and (17) 
as follows from the succession of their obtaining, 
are valid irrespective of the cylinder orientation 
in the gravity field and irrespective of what kind 
of thermal resistance dominates in the conden- 
sation process (thermal resistance of a conden- 
sate film resistance of the phase transition or 
contact resistance between the film and cylinder 
surface). 

2. HEAT TRANSFER IN LAMINAR FLOW 
OF A CONDENSATE FILM 

The process of vapour condensation in a 
descending flow inside a vertical cylinder is 
considered. The resistance of a laminar conden- 
sate film (condensation of nonmetallic liquids) 
is a dominant resistance. A plane, steady liquid 
motion is considered. On the basis of work [S, 61 
in the analysis of the problem we neglect the 
inertia and superheat of condensate particles 
are neglected. Interphase friction is determined 
by equation (6). The effect of gravity forces and 
the pressure gradient are accounted for. The 
pressure gradient is determined by equation (17). 
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With the assumptions adopted the equations 
which describe the process, will be of the form 

d2U’ 

P dy2 
.--? +. y* = (i: $“$L;:.S,.p’) = ;; (19) 

We shall find the solution with the following 
boundary conditions 

Ui = 0 q = con&. with y = 0 

4 -f, dZr: 
dy 

- G U,. 4 = cot% with y = 6, (20) 

6 x = 0 with x = 0. 

The solution of system (19) with the boundary 
conditions (20) gives the follo~ng cubic equa- 
tion for local heat transfer coefficient 

The effect of wave flow of a condensate film 
should be taken into account in deriving the 
final relation for beat transfer coefficient. Since 
the effect of moving vapour favours the wave- 
formation in the film so in case of condensation 
in moving vapour the intensifying effect of waves 
on heat transfer must be maximum. According 
to experiments work [13] in condensation of 
stagnation vapour on a vertical tube the maxi- 
mum correction for wave behaviour of the flow 
is 1-S. Comparison of the solution (21) with the 
results presented in [4] shows that in the case of 
flowing vapour in the expression for the heat 
transfer coefficient a correction factor of 1.7 
should be introduced. With this correction 
factor for wave behaviour of the flow introduced, 
the solution of the equation (21) will be of the 
form 

with 

arc cos ?YZ ’ 6p 

x cos ~ 
4 dl > m 

(23) ? 
with 

In the case with y* = 0 we shah have 

3. HEAT TRANSFER J.N A TWRBlJLENT FLOW 
OF CONDENSATE FILM 

The model of a process considered above is 
analysed with regard for turbulent momentum 
and energy transfer. The analogy between heat 
transfer and the hydraulic resistance of friction 
according to Karman is taken as the basis for 
analysis. 

Equations of heat flux and tengential stress in 
a turbulent condensate film are written in the 
following form 

For nonmetallic liquids we assume the turbu- 
ient transfer coefficient to ba equal to transfer 
nnd the tangential stress coefficient 

s4 = E, = F. 

For solving the heat problem the value s/v is 
to be determined from the solution of the corres- 
ponding hydrodynamic problem. 

The three-layer model of the flow in a con- 
densate film is assumed : 

The laminar region 

gf = y” (0 < y + 6 5). 
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The transient region 

a+ = - 3.05 + 5 In y+ (5 < y+ < 30). 

The turbulent region 

w+ = 5-5 + 2-5 In y+ (30 < y+ < ST). 

In the laminar sublayer and transient region 
friction is assumed to be z, and to follow the law 

zy = y*y + z,. (26) 

Having determined E/V, thermal resistance of 
individual layers by the second equation (25), 
we arrive at 

& =& (27) 

R, = & In (1 + 5Pr) (28) 

R, = (29) 

where 

zo = y*&., r, = y*CS, + z,. 

In this case the value r, is determined by 
equation (6). 

Summing up the thermic resistance of indi- 
vidual layers, we obtain for the local heat trans- 
fer coefficient 

!Q = 

l?*A 

5v[l+kln(1+5Pr)+&-ln 
(6, +/30) rW - 70. 

r, 
(30) 

For calculation of a, the values r* and S: 
should also be determined. Introducing the 
values z, and 6, into the expression for II*, we 
obtain 

z 
p*3 - 2 I?* 

P’ 
-gvs: = 0. (31) 

By the plotting the relation 0: = f(s:) we 
find the interpolation formula, which yields the 
satisfactory approximation within the parameter 

range of interest. 

S: = - 5450 + 
\i( 

29.85. lo6 + 625 z 
1 vrp’ ’ 

(32) 

Thus, relations (30H32) give the final solution 
to the problem. 

In the case of the turbulent heat transfer con- 
sidered the width of the developed turbulent 
flow region in the condensate film (the third of 
regions found in the film) is essentially smaller 
than that in the case of a turbulent single-phase 
flow, where this region occupies the main por- 
tion of the duct cross-section. In view of the just 
said, in case of lihn condensation the thermal 
resistance of the region discussed is rather small 
and in the analysis of the process, it may be 
neglected. 

l!*A 

aX = 5v[l + (l/Pr) In (1 + SPr)] 
(33) 

Further, at high vapour velocities and large 
heat fluxes the effect of gravity forces becomes 
also important. For this case the solution of a 
problem is considerably simplified and reduced 
to the following expression for the local heat 
transfer coefficient 

a, = 0.2 
A..PrJ(qU~/rp”) 

v[Pr + In (1 + 5Pr)]’ 
(34) 

4. DISCUSSION OF RESULTS 

The results of the present analysis may be 
compared with the experimental data of the 
work [14]. Regimes realized in above work, 
includes both laminar and turbulent flows in a 
condensate film. In case of laminar film conden- 
sation, the comparison of the results of [14] with 
the solution (21) allows the correction factor 
accounting for the effect of the wave flow of a 
laminar film to be determined. 

For the comparison, the physical parameters 
of condensate, which control the transfer pro- 
cesses inside the liquid were taken at the average 
temperature of the film, but the parameters, 
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controlling the interphase friction were taken compared with the Car~nter-Colburn’s equa- 
at the temperature of vapour saturation (in the tion, which for the local heat transfer may be 
experiments discussed, the temperature of steam presented in the following form 
saturation was 123-125°C). 

In Fig. 2 the present results are compared in 
dimensionless coordinates with the experimental 

o-Z::=l40 m/s 

Pr+Ll(i+SPr) 

8 9 IO 15 20 30 

PI&?* 
x IO 

-4 

Pr + Ln ( 1+5?7r1 

FIG. 2. Comparison of expe~ment~ data [14] with equation (34). 

data of [14]. High vapour flow velocities and 
specific heat fluxes realized in work [14], atlow 
the effect of the gravitational field to be neglected 
in the comparison and to carry out the calcula- 
tion by the simple equation (34). 

As is seen from the comparison the experi- 
mental data on the local heat transfer are in good 
agreement with calculations by the present 
approximate theory of the process.* 

In Fig. 3 the same experimental data are 

* At rather low Reynolds numbers of the film the value 
fi+ calculated by equation (32) appears to be less than 30. 
In such a caSe for a more rigorous calculation by equation 
(34) the factor 5 at the Prandtl number in the denominator 
of equation (34) should be replaced by the factor (ST - 5/5). 
It should be noted that the maximum value of this correction 
factor for minimum Reynolds number for turbulence film 
to appear is only 8 per cent. In the present comparison this 
correction is not included. 

Light points show experimental data treated 
exactly following Carpenter-Colburn’s theory 
(using Blasius’ law for calculation of r,). As seen 
from Fig. 3, there is the divergence between the 
theory and experiment at such treatment. At a 
certain velocity equation (35) gives a constant 
heat transfer coefficient independent of the heat 
flux. According to the experimental data in the 
case of a turbulent flow in a film at constant 
vapour velocity there exists a relation between 
the heat transfer coefficient and the specific 
heat flux (increase of the heat transfer rate 
increases with heat flux). The conclusion readily 
follows that the above relation is the result of 
increase of interphase tangential stresses with 
increasing heat flux. It is also clear that this fact 
cannot be accounted for by the ordinary rela- 
tionships of turbulent friction. Therefore it is 
of interest to treat the experimental data in the 
same coordinates as in equation (35) provided 
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60 
I I /I/ I I I 

50 - 

* A- 0: =I40 m/s 

40 _ ro-17:: 90 m/s 

“0 00-F;: 60mfs 

x so-c; = 40mfs l 

FIG. 3. Comparison of experimental data [ 141 with Carpenter-Colburn’s equation (35). 

that t, is taken from the analysis of the present 
work. In this case the expression for the friction 
resistance coefficient is rewritten in the form : 

The experimental data correlated by equation 
(36) are plotted in Fig. 3 by blackened points. 
As seen from the comparison, in this case the 
experimental points fall with good accuracy 
along the single curve correlated by the equation 

The results of comparison show’that the defect 
of Karpenter and Colburn’s theory is the estima- 
tion of interphase friction forces from the rela- 
tionships of the ordinary “dry” turbulent 
friction. Equation (37) seems to be practically 
equivalent to equation (34). On the other hand, 
the simplicity of these relations makes them 
convenient in practical calculations. 

The results of the work allow to make a con- 
clusion, that the account for the effect of the 
phase of the transformation process on inter- 
phase friction relations is the necessary condi- 
tion for the analysis of film condensation process 
of moving vapour in a vertical tube. 
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THEORIE DU PRGCESSUS DE CONDENSATION A GRAND FLUX DUN ECOULEMENT DE 
VAPEUR DANS UN CYLINDRE VERTICAL 

Resume-On a considere sur la base de la relaiion inttgrale de Karman un processus de condensation en 
film de vapeur en mouvement dans un cylindre vertical. On a obtenu des relations pour la determination 
du frottement interphase et du gradient de pression dans un processus de condensation a l’interieur d’un 
tube. Le processus du transfert thermique est analyse pour les cas d’un film de condensat laminaire et 
turbulent par consideration a la fois de l’effet dynamique d’un tcoulement de vapeur et de l’effet de forces 
de gravite et de gradient de pression. Les resultats de l’analyse sont compares aux resultats experimentaux 

disponibles. 

KONDENSATIONSTHEORIE FUR EINE DAMPFSTROMUNG IM 
SENKRECHTEN ROHR BE1 HOHEM UMSATZ 

Zlsanuuenfassung-Aufgrund der Karman’schen Integralbeziehung wird der Vorgang der Film- 
kondensation bei Dampfstromung im senkrechten Rohr betrachtet. Es ergeben sich Beziehungen zur 
Bestimmung der Reibung zwischen den Phasen und des Druckgradienten bei Kondensation in einem Rohr. 
Der Wiirmetibergang wnrde fiir die beiden FLlle des laminaren und des turbulenten Kondensatfilmes 
untersucht mit Berticksichtigung des dynamischen Einflusses des Dampfstromes, der Schwerkraft und des 
Druckgradienten. Die Ergebnisse der Analyse wurden mit den verftigbaren Versuchsdaten verglichen. 

TEOPHR HHTEHCBBHOPO HPOHECCA KOHflEHCAHBB IIAPOBOI’O 
HOTOKA BHYTPH BEPTHKAJIbHOPO IIHJIHHfiPA 

AHHOT~II~~~--H~ OCHOB~ ItHTWpiNIbHOrO COOTHOII1eHW-l HapM3Ha p3CCMOTpeH nponecc 
ll.XeHOYHO~ BOHfieHCanMB ~BBHcymerOCB napa BHyTpH BepTBKaJIbHOl’O nMJIBHBp3. IIOJIyYBHbI 
3aBBcnMocTM Ann 0npe~enenBB Me~~a3Boro TpeBBn II rpanMenTa BaBneBMn B nponecce 
HOHReHC3nMM B Tpy6e. ABanaa npOneCC3 TenJIOOTRa%5 IIpOBBAeH nnn CJIyM3eB JI3MRHapHOt-l 
II Typ6y.neHTHOi~ IInBHKM KOH$&‘HCaTa C yY3TOM KaK ~MH3MM9BCKOrO BO3~etiCTBMn n3pOBOrO 
IIOTOKa, TaB B BJIMRH~B cMn TBmecTM II rpannenTa AaBneBMB. PeaynbTaTbr aBanM3a 

COnOCTaBJIeHbI C MMelomHMMCR 3KCnepnMeHTaJIbHbIMM AaHHbIMR. 


